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Verzamelingen-Veltman frames en modellen

—

Een ILseframe is een L-frame <W,R> met een extra relatie Sy voor
iedere we W, met de volgende eigenschappen:
(1) SwS WIWIKP(WIWD\ ¢
(I1) Sy is "refiexief": Als wRx, dan xSw{x}
Sy is "transitief": Als xSyY dan geldt voor alle yeY en alle
VeP(WIw]) : ySwV=>x3SyV.
(II1)Als wRw'Rw", dan w'Sw{w"}

Een ILset model bestaat uit een ILset frame <W,R,5> met een

»forcing relatie I+ die voldoet aan:

L

ulFde < VVv(uRv=VvIF§) e
ulF@>y e Vv(uRv enviFg = 3V(v5,V en VWEV Wik wy))

Het is niet moeilijk in te zien dat voor ieder Ilset model K, Ki=fi.j

From ILsgi models to IL models

[Freorem 2|

Let <W,R,S,IF> be an ILset model. Then there is an IL model
<W'R',S',IF'> and a bijection f:W —P(W') such that for all weW and
all wef(w): wiFp = w'll—\tp.

Proof.

Let W' consist of all points <x,A>, where xeW and A is a set of
ordered pairs such that: '

For all w, V with xSyV, there is a veV with <w,v>€eA;

and, conversely, if <w,v>€eA, then there is a V such that veV and
XSwV.

Define R', §' as follows: & .
<x,A>R'<y,B> & xRy and for all wisuch that wRx and all z:
if <w,z>€B, then <w,z>€A. .
<X,A>S'«w c5<Y,B> & <w,COR<X,A>, <w,C>R<y,B> and for all v:




if <w,v>eB, then <w,v>eA

(thus in particular, because Sy's being
“reflexive” implies <w,y>€B, we have
<W,Y>EA).

Finally, define I+' as follows:
XA IF'D & xIFp.

wWe will prove that
(a) <W',R',S'> is an IL frame
(b) For all @, <x,A>IF'@ & xlIF@

Proof of (a):

First of all, it is not difficult to see that <W',R'> is an L-frame.

Checking the clauses for S'¢w cy requires a bit more work.

(1) If <w,C>eW’, then S'«wcy is a relation on W'[<w,C>]; this
follows immediately from the definition of S'«w,c>.

(11" S'«w.cy is reflexive; for suppose <w,C>R'<x,A>, then by the
definition of W': <X,A>3'¢w cs<X,AD.
S'«w,cy 1s transitive; for suppose
<X,A>S" (w.cr<Y,.B>3'«w £3<Z,D>, then <w,COR'<X,A>,
<w,C>R'<z,D> and for all v : if <w,v>€eD, then <w,v>€B,
and thus <w,v>€A; therefore <x,A>S'«w,c><Z,D>.

(I11") If <w,CO>R'<X,A>R<y,B>, then wRx and by definition of R":
for all z, if <w,z>€B, then <w,z>eA; therefore
<X,A>S (w o<y, B>,

Proof of (b):
As usual, the only interesting case is the induction step for .

Suppose wiF@ D>y and <w,C>eW'. We want to prove <w,C>IF'(p D .
So suppose <w,C>R'<x,A> and <x,A>IF'(.

Then wRx and, by the induction hypothesis, xI-@. Therefore, there
is a V with xSyV and VYyeV yly. We want to find a B such that
<X,A>3'¢w,c><Y,B>. This is possible because of the following two
facts:




(1) By "transitivity" of Sy, we have YV (ySywV = x3yV)

(2) For any b with bRwRy we have, by (III), wSp{y}, and thus by
transitivity: if ySpV, then wS3pV.

Therefore, we can take a B such that <y,B>eW' and, by (1), for all

v, if <w,v>eB, then <w,v>€A; moreover wRy and, by (2), if bRw,

then for all z: if <b,z>eB, then <b,z>eC, so <w,C>R<y,B>. In

conclusion, <x,A>3'(w.c><Y,B> and by induction hypothesis,

<y,B>IF'y.

Suppose on the other hand that wiF (@D y). We will prove
<W,OOIF' (g D y).

First, wi- (@D y) implies that there is an x with wRx and for all
V with xSV there is a yeV such that yl- T y.

Therefore, it is possible to take an A such that <x,A>eW' and for
all y: if <w,y>€A, then ylF g, and moreover <w,C>R'<x,A> (the
extra clause for R' doesn't interfere with our desiderations for A).
For this <x,A>, we have by induction hypothesis <x,A>l- (.
Moreover, if <x,A>3'«w,c><y,B>, then <w,y>eB, and thus <w,y>€A
[see earlier remark]. so by induction hypothesis <y ,B>IF Ty
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